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whatsoever or howsoever caused arising directly or indirectly in connection
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LANDAU FREE ENERGY EXPANSION FOR CHIRAL FERROELECTRIC 
SMECTIC LIQUID CRYSTALS 

BOSTJAN Z E K S  
I n s t i t u t e  o f  B iophys ics ,  Medical  F a c u l t y  and J .S te fan  
I n s t i t u t e  L j u b l j a n a ,  Yugos lav ia  

A b s t r a c t  
and p o l a r  

The b i q u a d r a t i c  c o u p l i n g  between the  t i l t  
z a t i o n  i s  added t o  the  usual  b i l i n e a r  coup- 

l i n g  i n  the  Landau f r e e  energy d e n s i t y  expansion de- 
s c r i b i n g  the  Sm.4 - SrnC:’: t r a n s i t i o n .  The e f f e c t  on the  
tempera ture  dependence o f  the  t i l t ,  spontaneous po la -  
r i z a t i o n  and the  p i t c h  o f  the  h e l i x  i s  s tud ied .  The 
r e s u l t s  agree q u a l i t a t i v e l y  w i t h  measured data.  

I NTSODUCT I OF! 

The o r d e r  parameter o f  t he  smect ic  A (SmA) t o  smect ic  C 

( S m C )  t r a n s i t i o n  i s  a two component t i l t  v e c t o r  i =  (<,,c2) 
d e s c r i b i n g  the  magnitude and the  d i r e c t i o n  o f  t h e  t i l t  o f  

the  long molecu la r  a x i s  f rom t h e  normal t o  smect ic l a y e r s .  

For c h i r a l  systems the  t i l t  precesses around the  normal t o  

smec 

s u l  t 

o f  a 

a x i s  

d i c u  

i c  l a y e r s  as one goes from one l a y e r  t o  another  r e -  

ng i n  a h e l i c o i d a l  smect ic C;’: phase (SmC”). The t i l t  

molecu le  breaks t h e  a x i a l  symmetry around i t s  lona  

i nduc ing  an i np lane  p o l a r i z a t i o n  P = ( P  P ) perpen- 

a r  t o  the  t i l t ’ .  Thermodynamic p r o p e r t i e s  o f  the  sys-  
x ’  Y - 

between the  o r imary  

o rde r  parameter p. 
ana does no t  e x i s t  

tern a r e  u s u a l l y  descr ibed by the  phenomenological Landau 

t vpe  f r e e  eneray Ansatz2y3 i n c l u d i n c  the  b i l i n e a r  coup1 i n g  

o rde r  Darameter 5 and t h e  secondary 

r a  I cha rac te r  

e no o r d e r i n g  

h i s  c o u p l i n g  i s  of a ch 

n n o n c h i r a l  systems whe 
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260 

o f  mo 

the t 

mode 1 

narrow temperature i n t e r v a l  below t h e  SmA - 
t r a n s i t i o n  temperature Tc. The most e v i d e n t  

be observed i n  the  temperature dependence o 

the  h e l i x  (p )  i n  the  SmC" phase, which shou 

B. ZEKS 

ecu les  t ransve rse  t o  t h e i r  long axes i s  induced by 

I t  acco rd ing  to  the  model. The p r e d i c t i o n s  o f  t he  

do n o t  agree w i t h  exper imenta l  da ta4  e s p e c i a l l y  i n  a 

SmC :: p ha s e 

d isc repancy  can 

the  p i t c h  o f  

d be ternpera- 

p i t c h  

a 

t h  

t u r e  independent accord ing  t o  

s l o w l y  inc reases  w i t h  i nc reas  

maxinun 0.5 K below T and 

inc reas ing  temperature t o  a f 
C 

t he  model. The measured 

ng temperature,  reaches 

hen sha rp l y  decreases w 

n i t e  va lue  a t  T ~ Y ~ .  
1. 

There e x i s t  v a r i o u s   modification^^**^^ o f  t he  model 

in t roduced t o  e x p l a i n  t h e  anomalous temperature dependence 

o f  t he  p i t c h  c l o s e  t o  Tc. I t  has been proposed r e c e n t l y 9  

t h a t  the  non-ch i ra l  b i q u a d r a t i c  c o u p l i n g  between t h e  p o l a r i -  

z a t i o n  and the  t i l t  cou ld  e x p l a i n  the  observed anomaly i n  

p (T ) .  I n  t h i s  paper we s h a l l  ana lyze  the  e f f e c t  o f  b i -  

q u a d r a t i c  c o u p l i n g  terms on the  temperature dependence o f  

t he  p i t c h  o f  t he  h e l i x .  Temperature dependence o f  t he  spon- 

taneous p o l a r i z a t i o n  and o f  t he  t i l t  w i l l  be determined and 

some exper iments w i  1 1  be proposed t o  t e s t  t he  model. 

CLASS I CAL LANDAU KODEL 

The Landau f r e e  energy d e n s i t y  d e s c r i b i n g  the  SmA 

t r a n s i t i o n  i s  u s u a l l y  expressed as2y3 
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CHIRAL FERROELECTRIC SMECTIC LIQUID CRYSTALS 26 1 

where 6 and c 2  d e s c r i b e  the  t i l t  o f  molecules f rom the  

normal ( 9 ,  0 ,  1 t o  smect ic  l a y e r s ,  P and P a re  the  com- 

ponents o f  t he  n-plane p o l a r i z a t i o n ,  b > 0,  K 3 3  i s  t he  

e l a s t i c  modulus A t h e  c o e f f i c i e n t  o f  t he  L i f s h i t z  term 

respons ib le  f o r  t he  modu la t ion  and p and C a r e  the  coef -  

f i c i e n t s  o f  t he  " f l e x o "  - and "p iezo"  - e l e c t r i c  c o u p l i n g  

between the  t i l t  and the  p o l a r i z a t i o n .  

1 

X Y 

t!i t h  t h e  he1 i c o i d a l  ansatz  

5 ,  = 8 cos(qz)  , 5 ,  L = e s i n ( q z )  (2a) 

P = - P s i n ( q z )  , P = P s i n ( q z )  ( 2 b )  
X Y 

one o b t a i n s  by min imiz inc j  t h e  f r e e  energy (Eq. 1 )  w i t h  

respec t  t o  t h e  t i l t  0 ,  p o l a r i z a t i o n  P and the  wave-vector 

o f  t h e  h e l i x  q f o r  T < Tc 

e = m  b c  

where the  t r a n s i t i o n  temperature T i s  g i ven  by 
C 

\ . / i t h in  t h i s  model the  p i t c h  o f  t h e  h e l i x  D does no t  depend 

on temperature i n  c o n t r a s t  t o  exper iments.  The spontaneous 

p o l a r i z a t i o n  i s  s t r i c t l y  p r o p o r t i o n a l  t o  the  t i l t  and bo th  

show a c l a s s i c  square r o o t  temperature dependence. 
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262 B. ~ E K S  

BlO.UADRATlC COUPLING BETWEEN THE POLARIZATION AND THE TILT 

A l l  c h i r a l  terms i n  E q . ( l )  a r e  expected t o  be smal l .  T h i s  

can be concluded from the  l a r g e  va lue  o f  t he  p i t c h  as com- 

pared t o  the  mo lecu la r  dimensions and from the  ex t remely  

smal l  d i f f e r e n c e  i n  t h e  t r a n s i t i o n  temperatures T 

between a c h i r a l  system and a cor respond ing  racemic mix- 

t u r e .  A s  t he  b i l i n e a r  P - 5 c o u p l i n g  terms a re  c h i r a l  and 

t h e r e f o r e  smal l ,  t h e  b i q u a d r a t i c  c o u p l i n g  terms cou ld  be- 

come impor tan t  i n  SmC" phase. On the  o t h e r  hand, NHR 

measurements showlono apprec iab le  d i f f e r e n c e  i n  the  t r a n s -  

verse  o r d e r i n g  between c h i r a l  and non-ch i ra l  systems except 

perhaps ve ry  c l o s e  t o  T . The observed quadrupo lar  o r d e r i n g  

can be descr ibed by P # 0 and i s  induced by the  b iquadra-  

t i c  - i c o u p l i n g  terms. We add t h e r e f o r e  t o  the  f r e e  

eneray expansion (1) t he  lowest  n o n c h i r a l  b i q u a d r a t i c  

c - To 

- 

C 
2 

coup 

The 

i ng terms 

( 5 )  

a s t  term has been added to  s t a b i l i z e  the  system. 

We s h a l l  as w e l l  i n c l u d e  a h i g h e r  o r d e r  te rm 

wh ich  i s  e q u i v a l e n t  t o  r e p l a c i n g  A by A + do2 and shou ld  

desc r ibe  the  monotonous inc rease o f  t h e  p i t c h  w i t h  tempe- 

r a t u r e  a t  low temperatures.  

The t o t a l  f r e e  energy g + g + gb can be expressed a 
w i t h  ansatz (2 )  as a f u n c t i o n  o f  8 ,  P and q as 

1 4  1 2 2  g = Lao2 + Jbe + 'P2 - C P e  - 7QP 8 + $P4 + 2 2E 
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CHIRAL FERROELECTRIC SMECTIC LIQUID CRYSTALS 263 

M i n i m i z a t i o n  w i t h  respec t  t o  q g i ves  f o r  t h e  wave vec to r  

o f  t h e  h e l i x  

P 9 = -  (A + do2 + b5) 
K33 

The temperature appears i n  q and t h e r e f o r e  i n  the  p i t c h  

p = 2n/q i n  two ways: i )  d- term g i ves  a c o n t r i b u t i o n  a t  

l a r g e  O(1ow T) and descr ibes  the  low temperature i nc reas ing  

p a r t  o f  p ( T )  f o r  d > 0 ,  i i )  t he  l a s t  te rm i s  p r o p o r t i o n a l  

t o  t h e  f l e x o e l e c t r i c  c o u p l i n g  c o e f f i c i e n t  0 and i s  tempe- 

r a t u r e  dependent o n l y  i f  P i s  n o t  p r o p o r t i o n a l  t o  8 .  

E l i m i n a t i n g  q f rom Eq. ( 7 )  one o b t a i n s  t h e  f r e e  energy 

as a f u n c t i o n  o f  e and P 

where 

1 A 2  2 1 4Ad 4 d2 ,6 
g ( e )  = 2(a - - )e  + 6 (b  - r ) H  - - 

K33 33 2K33 

and 

( 1 0 )  

I n  the  " p o t e n t i a l "  f o r  P ( E q .  1 1 )  we expect t he  l a s t  term 

t o  be smal l  because o f  i t s  c h i r a l  cha rac te r .  The p o t e n t i a l  

i s  t h e r e f o r e  o f  a s ing le -m in i rum type f o r  8 
2 2  

< e o ,  where 

The p o l a r i z a t  

2 

33 
0 - -1 K 

on i n  t h i s  reqime i s  p r o p o r t i o n a l  t o  8 b u t  
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264 B.  ~ E K S  

smal l  because i t  i s  induced o n l y  by a smal l  c h i r a l  term 

l i n e a r  i n  P .  For 0’ > e2 we 9 e t  a double-minimum p o t e n t i a l  

f o r  P and the  c h i r a l  te rm o n l y  chooses between the  two 

minima. For O 2  >> e 2  P i s  aga in  p r o p o r t i o n a l  t o  0 b u t  t h e  

r a t i o  P / B  = ( Q / ~ I ) ~ / ~  i s  l a r o e r  than i n  the  smal l  8 re9ime. 

The f l e x o e l e c t r i c  c o n t r i b u t i o n  t o  the  wave v e c t o r  o f  t he  
2 h e l i x ,  i . e .  t h e  l a s t  te rw i n  Eq. (G) i s  l a r g e  f o r  O 2  >> B 

and smal l  f o r  e2 << 0’ and the  f l e x o e l e c t r i c  c o e f f i c i e n t  ,.I 

has t o  be nega t i ve  t o  g i v e  the  measured temperature depen- 

dence o f  t he  p i t c h .  

0 

0 

0 

0 

The m i n i c i z a t i o n  o f  g(P,  8) ( E q .  1 1 )  w i t h  respec t  t o  

P leads t o  a c u b i c  equa t ion  f o r  P 

I t s  minimal f r e e  energy s o l u t i o n  i s  g iven  by 

2 
C + A + / K  + +dB / K  

P ( 0 )  = 33 33 LX 
I c  + A , . I / K ~ ~  + y d e 2 / K 3 3 /  

where 

and 

1 - 1  2 2  s h ( - s h  X f  f o r  8 < eo 3 
ch( lch- lX)  f o r  e 2  > 0: and X > 1 

3 
1 - 1  cos(-cos X ) f o r  O 2  > 0: and X < 1 3 

( 1  6 )  
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CHIRAL FERROELECTRIC SMECTIC LIQUID CRYSTALS 

1 5  10 5 t 

265 

'I Po 
10 

5 

0 

Y/@o 
10 

5 

0 

F I G U R E  1. Temperature dependence of the spontaneous 

polarization P and o f  the t i l t  8 in SrnC;': phase. 

The equation for e can be obtained by minimizing the 

f r e e  energy g(Eq.  9) with respect to @ 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
14

 2
0 

Fe
br

ua
ry

 2
01

3 



266 B.  ~ E K S  

4 0  

2 0  

0 

F I G U R E  2. Tempera tu re  dependence o f  P and 8 c l o s e  

SmC” phase. The b roken  l i n e  r e p r e s e n t s  

where P (0 )  is 

0 can be o b t a  

a = u ( T  - To) 

g i v e n  by E q . (  

ned n u m e r i c a l  

and t h e n  P(T )  

4 ) .  Tempera tu re  dependence o f  

y f r o m  E q .  (17)  because 

and q ( T )  o r  p ( T )  can be 
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CHIRAL FERROELECTRIC SMECTIC LIQUID CRYSTALS 267 

I I I I 
1 5  10 5 0 t 

F I G U R E  3. Tempera tu re  dependence o f  t h e  h e l i c a l  

p i t c h  p i n  SrnC:; phase. 

c a l c u l a t e d  f r o m  Eq.  (14)  and Eq.  ( 8 ) .  
F i g u r e s  1;-4. show t h e  o b t a i n e d  t e m p e r a t u r e  dependen- 

ces f o r  one s e t  o f  t h e  p a r a m e t e r s  

+ = 1 33/2q1/2 ( c  
0 

3 ? / 2 p 2  + ~ / z K ~ ~ Q ~ / ~  = - o.ool 

9nd2Y:/4Q2K33 = 3 x 1 0  -6 

3n(b - 4Ad/K33)/4Q 2 = o.8 

33/2n1 /2n/2Q1 / 2  

The n o r m a l i z e d  t e m p e r a t u r e  t = (Tc - T ) / ( T c  - T ) i s  d e f i -  

ned so t h a t  t = 1 a t  T = T where 0 = f3 . I n  F i g u r e s  1.-4.  

t h e  spontaneous p o l a r i z a t i o n  i s  g i v e n  i n  u n i t s  o f  

P 0 = 2a2’/2Yo/31/2q1/2 and t h e  p i t c h  i n  u n i t s  o f  i t s  v a l u e  

ri = - 3 . 5  

1 

1 0 
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268 B.  ~ E K S  

I / P ,  

2.0 

1.5 

1.0 

t , 
1.5 1 .o 0.5 0 t 

FlGUnE 4 .  TemFerature dependence o f  t h e  p i t c h  c l o s e  

t o  Tc i n  SmC" phase. 

Po-  
a t  Tc, i . e .  

F i g u r e  1 .  shows t h e  t e m p e r a t u r e  dependences o f  t h e  

spontaneous p o l a r i z a t i o n  and o f  t h e  t i l t  i n  a b r o a d  tempe- 

r a t u r e  i n t e r v a l  be low Tc i n  t h e  SmC;': phase w h i l e  i n  F i g u r e  

2. a n a r r o w e r  t e m p e r a t u r e  i n t e r v a l  a t  T i s  shown. B o t h  

P (T )  and e ( T )  show c l a s s i c a l  b e h a v i o u r  v e r y  close t o  Tc and 

f a r  b e l o w  T w i t h  a c r o s s - o v e r  reg ime  w i t h  p o s i t i v e  second 

d e r i v a t i v e s  a round  t = 1 .  P r e l i m i n a r y  measurements o f  P (T )  

i n  DOBAMBC show c l o s e  t o  Tc an anomaly o f  t h e  t y p e  shown 

i n  F i g u r e  2.  and more c a r e f u l  measurements a r e  i n  p r o g r e s s .  

The e x p e c t e d  anomaly i n  B(T)  i s  l e s s  pronounced and can be 

seen more c l e a r l y  i f  one p l o t s  t h e  f o u r t h  power o f  f3/0 

w h i c h  i s  shown as  a b r o k e n  l i n e  i n  F i g u r e  2. I t s  v a l u e  i s  

C 

0 
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CHIRAL FERROELECTRIC SMECTIC LIQUID CRYSTALS 269 

ve ry  smal l  c l o s e  t o  T and s t a r t s  t o  inc rease r a p i d l y  a t  

t % 1 .  S i m i l a r  behaviour has been observed4 i n  the  tempe- 

r a t u r e  dependence o f  t he  i n t e n s i t y  o f  the  f i r s t  d i f f r a c t i o n  

s a t t e l i t e  wh ich  i s  expected t o  be p r o p o r t i o n a l  t o  0 . 

C 

4 

The temperature dependence o f  t he  h e l i c a l  p i t c h  i s  

shown i n  F igu res  2. and 3. The p i t c h  inc reases  w i t h  tempe- 

r a t u r e  a t  low temperatures,  reaches a maximum a t  t % 2 . 5  

and drops then t o  i t s  f i n i t e  va lue  a t  T . The r e s u l t s  agree 

qua1 i t a t i v e l y  w i t h  measured da ta4 .  
C 

COKLIJS I Obis 

i i )  

j us  

sma 

I S  

t he  

I t  has been shown t h a t  t h e  anomalous temperature dependence 

o f  the  h e l i c a l  p i t c h  c l o s e  t o  the  SmA - SmC?: t r a n s i t i o n  can 

be exp la ined  by i n t r o d u c i n g  the  b i q u a d r a t i c  c o u p l i n g  

between t h e  t i l t  o f  t he  molecu les  and the  spontaneous po la -  

r i z a t i o n .  The measured p(T)  dependence can be ob ta ined  i f  

i )  t he  non-ch i ra l  b i q u a d r a t i c  coup1 i n g  terms a r e  l a r g e  

compared t o  the  c h i  r a l  b i  1 i nea r  terms and become r e l e -  

van t  a l r e a d y  ve ry  c l o s e  t o  T i n  the  SmC" phase, and 

the  f l e x o e l e c t r i c  c o e f f i c i e n t  @ i s  negat ive .  
C 

The c o n d i t i o n  i )  represents  a reasonable assumption 

i f i e d  w i t h  the  f a c t  t h a t  c h i r a l i t y  i s  i n  general  a 

1 p e r t u r b a t i o n  i n  these systems. On t h e  o t h e r  hand i t  

s r e l a t e d  t o  

mol ecu 1 a r  

n o t  c l e a r  a t  p resen t  how the  s i g n  o f  

a n i s o t r o p y  o f  a mo lecu le  and o f  the i n t e  

i n t e r a c t  ions .  

The consequence o f  b i q u a d r a t i c  c o u p l i n g  

an anomalous P(T) and B(T) dependence i n  the  

terms i s  a l s o  

temperature 

i n t e r v a l  where t h e  p i t c h  i s  s t r o n g l y  temperature dependent. 

Some p r e l i m i n a r y  resu l  t s 4 9 I 1  show such anomalies bu t  b e t t e r  

measurements o f  t he  spontaneous p o l a r i z a t i o n ,  the  t i l t  and 
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270 B. ZEKS 

the  p i t c h  i n  a narrow temperature i n t e r v a l  below T a r e  

needed. 
C 
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